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ABSTRACT 

Let a: E -+ Z be a topologically mixing shift of finite type. Let fl: E -+ R 
be a continuous function, and aZ be the skew-product of a by ft. Assume 
that a B has a positive semi-orbit that reaches any upper height, and any 
lower height. Then, arbitrarily C°-close to/~ there exists a HSlder map 
fir: E -+ [~ such that the skew-product o'er of a by fir is topologically 
transitive. 

1. I n t r o d u c t i o n  

One of the  i m p o r t a n t  p roper t ies  s tudied  in the  topologica l  t heo ry  of dynamica l  

sys tems is topologica l  t rans i t iv i ty .  Let  X be a topologica l  space and  f :  X --+ X 

be a homeomorph i sm of X .  Then  f is said to be t o p o l o g i c a l l y  t r a n s i t i v e  

(t . t .)  if the re  exists  a point  x0 C X with  the  t r a j e c t o r y  O(x0)  = { fn (xo)[n  E Z} 

everywhere  dense. Such a poin t  is called t o p o l o g i c a l l y  t r a n s i t i v e .  

I t  was not iced  for a long t ime  t ha t  m a n y  dynamica l  sys tems  with some hyper -  

bol ic i ty  a re  topologica l ly  t ransi t ive .  Our  goal  here is to  con t r ibu te  to  the  s tudy  

of topologica l ly  t r ans i t ive  skew-products  over shifts of finite type ,  when the  fiber 

is the  real  line IK We recall  the  definit ion of a skew-product .  
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Definition: Let X be a topological space, G a topological group, f :  X -~ X a 

homeomorphism, and ¢~: X -~ G a continuous map. Then the map fZ: X x G -+ 

X x G given by f~(x,g) = (f(x),/3(x)g), for x E X, and g E G, is called a skew- 

p r o d u c t .  X is called the base,  and G is called the f iber  of the skew-product. 

The map ¢~ is called a cocycle .  If G = R, we call the skew-product cy l ind r i ca l  

t r a n s f o r m a t i o n .  

When the fiber is a compact connected Lie group, generic results about skew- 

products were obtained by Brin ([Br]). He showed that in the class of C 2 skew- 

products over a topologically transitive Anosov diffeomorphism, there is an open 

dense set of t.t. transformations. Recent related results about this class of trans- 

formations can be found in [BW], [D], [FP], [NT], [PP]. 

If the fiber is an unbounded manifold, topological transitivity is not very well 

understood. Nevertheless, there are known examples of t.t. transformations with 

unbounded fiber. Schnirelman and Besicovich ([Sh], [B]) found t.t. transforma- 

tions of ~2 _ {0} that,  under a suitable change of coordinates, become a skew- 

product over an irrational rotation with fiber R. Their construction is generalized 

in the book of aot tschalk and Hedlund ([GH]). Sidorov ([Si]) constructed exam- 

ples of t.t. skew-products when the action in the base is any t.t. homeomorphism 

of a complete metric space, and the fiber is any separable Banach space. We note 

also the paper of Guivarc'h ([G]), where sufficient conditions for topological tran- 

sitivity and (even ergodicity) are found. The results are proved using the local 

limit theorem of Guivarc'h and Hardy ([GuH]). This local limit theorem implies 

that if (E, a) is a shift of finite type, m is a Gibbs measure, and fl: E -~ ~d 

has integral zero with respect to some Gibbs measure, and is not cohomologous 

to a cocycle with values in a proper coset, then for A, B C E cylinders, and 

a E ~ ,  e > 0, the quantity 

n _ j .  

~7t (AUo ' -nBu{x :  E ~ o c r k ( x ) - - a  d e } )  
k=0 

is of order 1/n d/2 as n ~ oo. Hence the skew-product az is topologically mixing 

(and consequently topologically transitive). Guivarc'h notes also that for n > 3, 

the skew-product a~ cannot be ergodic because of dissipativity. 

The following definition is needed. 

Definition: Let f~: X x I~ ~ X x ~ be a skew-product with fiber 1~. Let 

y E X x ~. We say that the positive semiorbit O+(y) = {fn(y)[n E N} r eaches  

any  u p p e r  ( lower)  he igh t  if the projection proj~((O+(y))N[0, oo) (respectively 

proj~((_O+(y)) M ( -oo ,  0]) is unbounded. 
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THEOREM 1.1: Let a: E --+ E be a topologically mixing shift of finite type. 

Let fl: E -4 I~ be a continuous function, and let aS: E x N ~ E x N be the 

skew-product given by an(w, t) = (aw, ~(w) + t). Assume that a n has a positive 

semi-orbit that reaches any upper height, and any lower height. Then, arbitrarily 

C°-close to fl there is a H61der map 8': E -4 IR such that the skew-product a~, 

is topologically transitive. 

In general, the existence of a positive semi-orbit that  reaches any upper height, 

and any lower height, does not imply that  the skew-product is topologically 

transitive. We will show such an example before the proof of Theorem 1.1. Note 

also that  the weaker assumption that  /3 has an orbit that  reaches any upper 

height, as well as any lower height, is not sufficient to reach the conclusion of 

Theorem 1.1. Indeed, a counterexample can be easily obtained by considering 

the skew-product given by a strictly positive cocycle. 

This paper emerged from an a t tempt  to find sufficient conditions for the ex- 

istence of topologically transitive skew-products over Anosov diffeomorphisms, 

when the fiber is R. We do not know if the result in Theorem 1.1 is true if the 

map in the base is an Anosov diffeomorphism, instead of a shift. Note that  if X 

is a compact metrizable space that  is perfect, then a homeomorphism f :  X --+ X 

is t.t. if and only if there is a point y E X whose positive semi-orbit (9 + (y) is 

dense (see Exercise 1.4.2 in [KH]). This property is false if X is a non-compact 

topological space. 

The following conjecture seems natural. 

CONJECTURE: Let M be a compact manifold and A: M -+ M a transitive C 1 

Anosov diffeomorphism. Let/3: M -~ I~ be a HSlder function, and let A~: M x 

R ~ M x ~ be the skew-product given by A~(x ,y)  = (Ax,/~(x) + y). Assume 

~hat A n has a positive semi-orbit that reaches any upper height, as well as any 

lower height. Then A n is topologically transitive. 

2. P r o o f  o f  the  m a i n  result  

Let k > 2, and let A be a k x k 0 -  1 matrix. Define 

E = EA = {W = (Wn)~_oc E f i  {1 , . . . , k} ,A(wn,Wn+l)  = l for all n C Z } .  
V ~  - -  0 0  

The elements of the set (1, 2 , . . . ,  k} are called s y m b o l s .  

The map a: Z ~ E given by 

(0"bd)n --~ W~q_ 1 
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is called a sh i f t  o f  f in i te  t y p e .  This is a homeomorphism of E with respect 

to the Tychonov product topology. Note that  a is t o p o l o g i c a l l y  m i x i n g  (i.e., 

when U,V are open sets in E, there is N such that  a m u n v  # O for any m >_ N)  

if and only if there is M > 0 such that  AM(i , j )  > 0 for any 1 < i , j  <_ k. 
Fix an integer N _> 0 and symbols a - N , . . . ,  aN and call the subset 

c-N,.. . ,N = {W 6 E]wn, = ai for i = - N ,  N} 
O~_N~...~C~N • • • , 

a ( s y m m e t r i c )  c y l i n d e r  o f  r a n k  N. For any positive integer N we define a 
--N,... ,N partit ion of E given by the set of symmetric cylinders Ca_ N ..... aN of rank N. 

For future reference, this partition is called t h e  N - t h  M a r k o v  p a r t i t i o n  o f  a. 

To any shift and any fixed Markov partition P,  we associate an oriented graph 

denoted G. We identify cylinders in the Markov partition with the vertices of 

the graph, and connect two vertices by an oriented arrow if there are points 

in the first cylinder that  are mapped into the second cylinder by the shift a. 

A finite sequence of vertices of the graph is called an a d m i s s i b l e  p a t h  if any 

two consecutive vertices in the sequence are connected by an oriented arrow. A 

closed admissible path  is called a cycle.  A cycle is called m i n i m a l  if any vertex 

different from the end-points of the path  appears only once in the path. 

For any A > 1, E becomes a metric space with the metric given by 

o o  1 2 

dA(cal w2) = ~ ]~n -- 02n] 

The metrics d~ define the same topology on E. We fix A for the rest of the paper. 

For 0 < 8 < 1 denote by C0(E, II~) the space of 8-HSlder functions from E to 

R. For h 6 C0(E, JR), there is a constant C > 0 such that  

Ih(w 1) - h(w'2)] <_ Cd~(wl,w2) e, 

for w I , w 2 6 E. 

Let h be a continuous real valued function defined on E. For n = 0, 1 , . . .  let 

Vn(h) := max{]h(w) - h(w')[]Wk = Jk for Ik] ___ n}. 

The function h is said to be of exponential type if there are constants a, c > 0 

such that  
V,~(h) <_ c2 -an. 

It  is not difficult to see that  h is of exponential type if and only if it is HSlder 

continuous with respect to the metric d~ for some A. 
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Let  M = E x IIL M is a complete  metr ic  space with the produc t  metr ic  denoted 

dM. 
For co E E we will consider the s t a b l e  and unstable leaves of a: 

W~(co) = {c~ I there is no such tha t  c)i = col, for i > no}, 

WU(co) = {&l there  is no such tha t  c~i =coi ,  for i < no}. 

Note t ha t  {W~(co)lw E E} and {W~(co)[co E E} are par t i t ions  of E. These  

par t i t ions  are a- invar iant .  If  c~ E WS(~)(w), then  dx(a~co, an&) --+ 0 as n --+ 

o c ( - c c ) ,  exponent ia l ly  fast. 

Le t /3  E Co(E,R), co E E, and O = {co, a(co),...,a'~(w)} be a trajectory. Then  

(2.1) fl(n + 1,co) := fl(co) + /~(a(co)) + . . .  + fl(an(co)) 

is called the h e i g h t  of a~ over O. 

For c~ E W 8 (co) define 

7s(co,&) = limoo[~(N, co) - /~(N,c~)] ,  

and for ~ E W~(co) define 

7u(co, w) = lim [fl(N,a-Nco) -- fl(N,a-N(o)]. 
N--+oo 

Both  limits are convergent  because ,~ is HSlder. 

Consider the skew-product  a~. For (co, t) E M we will consider the s t a b l e  and 

u n s t a b l e  l eaves  of a~: 

ws(co, t) = { (~ ,T) I~  e ws(co),7-  = t +-ys(co ,~)} ,  

wu(co, t) = {(~, 7-)t~ E WU(co),7- = t + W(co ,~)} .  

Note tha t  {WS(co, t)l(co , t) E E x I~} and {WU(co, t)l(co , t) E E x ]R} are par t i t ions  

of E x I~. 

I t  is easy to see tha t  for (c~, 7-) E ~8(~)(co, t), one has dM(a~(co, t), a~(~, 7-)) --> 
0 as n --+ o c ( - c c ) ,  exponent ia l ly  fast. Note tha t  the par t i t ions  of M given by 

W 8 and W ~ are a;~-invariant. 

A c h a i n  in E is a set of points  {coo, co l , . . . ,  co~} such tha t  for all i ei ther coi+l E 
WS(coi), or coi+l ¢ WU(coi). If  C1 = { c o o , c o l , . . .  ,COk} and 62 = {Tr°,TP,. . .  ,Tr t} 

are two chains such tha t  cok = 7r o, 61 and 62 can be jux taposed  in the chain 

C16 = {coo, col , . . . ,  cok-1, ~ 1 , . . . , . I } .  
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To any chain g = {w °, wa , . . . ,  wk}, one can associate the o p p o s i t e  cha in  

- C  = {02k, 02k-1,. . . ,  020}. 

One can also define chains in M. We say that the chain 

~(to ) : {(020,to), (02 1 , t l ) , . . . ,  (02n, tn)} 

covers the chain g = {w °, w l , . . . ,  w'~}, and call it the l i f ted  cha in  o f  g s t a r t i n g  

a t  to. For any such chain there exists a number h(g) E 11~, called the he igh t  of 

g, such that  tn = h(g) + to. If the chain C is fixed, h(g) is independent of to. 

Note that  h ( - g )  = -h (g ) .  
The height over a chain of type Q = {w°,wl,02 °} that satisfies 021 E WS(w°), 

021 • Wu(wo) is given by the formula 

(2.2) h((~) = lim [(~(N,w °) - ~(N, 021)) + (Z(N,a-N02 1) - ~(g,a-N02°))]. 
N--+(x) 

Assume now that (X, dx) is a complete metric space, and f :  X --+ X a home- 

omorphism. We recall below a few facts from topological dynamics. 

Let W be a partition of X. Denote by W(x) the element of the partition 

containing x • X. W is called f - i n v a r i a n t  if f (W(x))  C W(f(x)) ,  for any 

x • X. An f-invariant partition W is called c o n t r a c t i n g  if for any x • X and 

y • W(x) we have l i m N - ~  dx( fN(z ) , fN(y ) )  = 0. An ]-invariant partition is 

called e x p a n d i n g  if it is contracting for f - 1 .  

Fix now W1, W2 two partitions of X. A subset S C X is called access ib le  

if for any pair of points x, y • S there is a positive integer N, and a chain 

{ X l , X 2 , . . .  ,XN} C X ,  such that xl = X, XN : y,x~+l • Wj(xi), i  -- 1 ,2 , . . .  , N -  

1 , j  = 1,2. If e > 0, the subset S is called e-accessible  if instead of xg = y we 

have d(xN, y) < e. 

Remark: Note that a set S can be C-accessible for any ¢ > 0, without being 

accessible. An example is given by an ergodic toral automorphism f :  ~-n __+ Tn 

that  is partially hyperbolic but not hyperbolic. The automorphism f has a pair of 

invariant smooth foliations, called stable and unstable, that have each leaf dense. 

So, for c > 0, T n is C-accessible with respect to each foliation. Nevertheless, the 

direct sum of the invariant distributions tangent to the foliations is of dimension 

strictly less than n, and it is integrable. Any accessible set is contained in a leaf 

of the integral foliation, so it is of measure 0. 

A partition W is called o f  fo l ia t ion  t y p e  if for any x • X,  y • W(x),  and 

any e > 0, there is ~ = ~(x,y,e) such that  if C is a non-empty open set included 
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in the ball B(x ,Q ,  then the set B(y,e)  N (U~ec WS(z))  contains a non-empty 

open set. 

The following criteria for topological transitivity is well known (see [KH], 

Lemma 1.4.2). 

LEMMA 2.1: Let f: X --+ X be a continuous map of a locally compact separable 

space. The map f is t.t. i f  and only i f  for any two nonempty open sets U, V C X 

there is an integer m = re(U, V) such that f m ( u )  M V is nonempty. 

We need also the following result of Brin (see [Br]). Because our statement is 

more general, and for the reader's convenience, we give the proof below. 

THEOREM 2.2: Let (X, dx)  be a complete metric space, f: X ~ X a home- 

omorphism of X ,  and (W ~, W u) a pair of f-invariant partitions of X ,  both of 

foliation type, W s contracting and W u expanding. Assume that: 

(1) X is c-accessible for any e > O; 

(2) the map f is topologically recurrent, i.e., for any open ball B C X ,  there 

exists an integer n ~ 0 such that B M fn  B ~ O. 

Then the map f is topologically transitive. 

Proof: We use Lemma 2.1. Let U, V C X be non-empty open sets. Fix x, y C X 

and 5 > e > 0 such that  B(x,  5) C V, B(y,  5) C U. Because X is c-accessible, 

for any pair of points x , y  E X ,  there exist points x l , x 2 , . . .  ,Xn E X such that  

d i s t x (x l , y )  < e, Xl = x, xi+l E WJ(xi) ,  for i = 1 , 2 , . . . , n -  1, j = s or u, 

and XN = x. It  is enough to prove that  there exists an integer m such that  

f m B ( y ,  5) M B(x,  5) is not empty. The following two lemmas are necessary for 

this. 

LEMMA 2.3: Let Xi+l E WS(xi). Then for any cl > 0 there exists e2 > 0 such 

that i f  the set C := f k °B(x ,  (~) N B(xi ,  ~2) is nonempty for some integer ko, then 

one can find an integer k such that the set f k B ( x ,  5) M B(xi+l ,  s l )  is nonempty. 

Proof: The partition W s is of foliation type, so there is e2 := ~(xi,xi+l,  el /2)  

such that  the set 

(x,+,, ( u 
z1EC 

contains a non-empty open set C2. From the assumption (2) in the Theorem 2.2 

there exists a point z E C2 and integers m arbitrarily large such tha t  fro(z) C C2. 

Let D = WS(z)  M fk°B(x ,5 ) .  It  is clear that  the set D is nonempty. Indeed, 

by the definition of C2, there is zl E fk°B(x ,  5) such that  z C WS(zl) ,  and 
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WS(Zl) -= WS(z). Since W s is a contracting partition, there exists mo> 0 such 

that for any m >_ too, the set freD N B(fmz,el/4) is nonempty. We choose now 

m _> mo such that dx(fmz, z) < el/4. We have that 

dx(z, finD) < dx(z, fmz) + dx(fmz, freD) < cA. 
2 

Since dx(z,xi+l) < e l /2 ,  it follows that dx(fmD,xi+l) < el. Thus the set 

fmD N B(Xi+l, el ) is nonempty, and therefore the set f,,+k0 B(x, 5) n B(xi+l, el) 
is nonempty (because D C fk°B(x, 5)). I 

LEMMA 2.4: Let Xi+l C WU(xi). Then for any el > 0, there exists e2 > 0 such 
that if the set C := fk° B(x, 5) N B(xi, e2) is nonempty for some integer ko, then 

there is an integer k such that the set fkB(x, 5) N B(Xi+l, el) is nonempty. 

Proof." The proof is similar to the proof of Lemma 2.3, but now one has to 

consider backward iterates of f .  I 

The end of the proof of Theorem 2.2: Since e < 5, the ball B(y, 5) contains 

xt.  Apply now alternatively Lemma 2.3 and Lemma 2.4 to show that  there is an 

integer m such that fmB(y, 5) D B(x, 5) is non-empty. | 

The perturbations we consider in order to prove Theorem 1.1 are functions 

constant on the cylinders of a given N-th  Markov partition ;o. We will call such 

cocycles loca l ly  cons t an t .  A locally constant cocycle is H61der. 

If the cocycle/3 is locally constant, and if the endpoints of the trajectory O 

coincide, then the height of/3 along O depends only on the cycle determined by 

O in the graph G. 

A finite sequence of symbols B is called a block.  The number of symbols in 

the block B is called the l e n g t h  of the block, and is denoted by I(B). If for 

any two consecutive elements wi, wi+l in the block we have A(coi, wi+l) = 1, the 

block is called admiss ib le .  If we fix an entry E in the block, the block is called 

cen t e r ed .  If a centered block (B, E) consists of consecutive entries in an element 

w E E, then the entry E corresponds to COo. Given an arbitrary pair of blocks 

B1,B2, we can juxtapose them and obtain the block B1B2. If B1 is centered, 

then B1B2 is centered and the fixed entry in B1B2 is the fixed entry in B1. If S, 

bl and b2 are blocks such that B1 = blS and B2 = Sb2, then we can also define 

B1 os B2 to be the block blSb2. Note that if a is topologically mixing, and N is 

an integer big enough, any two symbols can be joined by a block of length N. 

If ~ is a locally constant cocycle, and if B is a block of length bigger than 

2N + 1, then we will define the he igh t  o f  ~ over  t h e  b lock  B. Indeed, the first 
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2N + 1 symbols in the block determine a cylinder. By shifting a frame of length 

2N + 1 along the block, we obtain l(B) - 2N cylinders in the Markov partition. 

The height of/3 over the block B, denoted by h~(B), is the sum of the values 

of/3 over the first l(B) - 2N - 1 of these cylinders. Note also that  any cycle of 

length k in the graph ~ determines a block of length 2N + 1 + k. Indeed, any 

vertex in the cycle determines a cylinder, and so a block of dimension 2N + 1. 

We can build the block of length 2N + 1 + k by overlapping any two consecutive 

blocks given by the cycle over a block of dimension 2N. The correspondence 

between blocks and cycles allow us to define the height of/3 over a cycle K in 

G(:P). Note that  in the computation of the height over K,  the value of/3 over the 

last cylinder in K is not considered. In what follows, we will identify sometimes 

a cylinder with the block that  determines the cylinder, or with a vertex in ~(P) .  

The stable and unstable partitions defined above for the skew-product az are 

of foliation type. We show the proof when/3 is locally constant. 

LEMMA 2.5: Let a: E ~ E be a shift of finite type, and/3: E --+ ~ a locally 

constant cocycle. Then the stable and unstable partitions W s and W u are of 

foliation type. 

Proof: It is enough to show that  W s is of foliation type. 

Let x = (w2,t2) C E x ~ , y  = (wl , t l )  E WS(x), a n d ¢  > 0. Without loss of 

generality, we can assume that  B(y,¢)  = C1 x (al ,a2),  where C1 is a cylinder 

and (al ,a2)  is an interval in R. By taking E small enough, we can assume that  

the open set C C B(x,E) contains an open set of type C2 x (bl, b2), where C2 is 

a cylinder of length much bigger than C1. Choose two blocks B1, B2 such that  

I(BIC1B2) = l(C2), and define the cylinder C3 to be the B1CIB2. Define a map 

¢ from the cylinder C2 into the cylinder C3 that  substitutes the block C2 by the 

block C3 in any a; E C2. Note that  78(w, ¢(w)) is constant for w E C2. Denote the 

constant by 7. Since the point (¢(a;), t + 3') is in the stable foliation of (w, t), it 

follows that  the open set C3 x (51,52) is in the intersection B(y,  e)n ([.Jzec WS(z)) ,  

i f C = C 2 x ( b l - % b 2 - 7 ) .  | 

Note also that  the partition W s is contracting, W u is expanding, and both 

partitions are az invariant. Therefore Theorem 1.1 is proved if we find an arbi- 

trarily C°-small perturbation that  satifies conditions (1), (2) and (3) in Theorem 

2.2. 

Definition: We call a pair (a, b) of real numbers i n d e p e n d e n t  if the set Na + Nb 

is dense in 1~. 

The next lemma is needed. 
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LEMMA 2.6: Let a, b E JR, a > O, b < O. Assume that a/b is irrational. Then the 

pair (a, b) is independent. 

Proof." Use first the fact that  an irrational rotation of the circle is minimal to 

show that  - a  and - b  are in the closure of Na + Nb. Then apply the fact again 

to show that  Na + Nb is dense in I~. II 

The following lemmas show sufficient conditions for a skew-product by a locally 

constant cocycle to satisfy the conditions in Theorem 2.2. 

LEMMA 2.7: Let a: E --+ E be a topologically mixing shift of finite type, and P 

a Markov partition of a. Let/~: E ~ ]~ be a locally constant cocycle. Assume 

that there are two cycles K1, K2 in the graph G(P), starting at the same vertex 

Co, such that the height hi of 3 over one of them is positive, the height h2 of /~ 

over the other is negative, and hi~h2 is irrational. 

Then the skew-product a~ satisfies condition (2) in Theorem 2.2. 

Proof'. Let :P be the N- th  Markov partition, let e > 0 and xo = (w°,to) E E × ~. 

Consider the ball 

B(xo,e)  = {(w' , t ' )  E E × ~ldx(w°,w ') < e, l t o - t ' [  < e}. 

We have to show that  there is an integer n and (w,t) E B(x0,e) such that  
0 a~(w,t) E B(xo,e).  For e > 0, there is a positive integer no such that  wi = wi 

for ]i[ < no implies that  d~(w,w °) < e. We can assume that  no > N. 

Define the blocks 

0 0 0 ) ,  
Bo = (W°no, • • •, Wo, 0 2 1 , . . . ,  ~dno 

B~, @ O N , .  o o o ~--- . . , & d O ,  ~ d l ,  • . . , OJno) ,  

B0 (WOno ' 0 o .,w~v). II - - - - -  . . . , W O , ~ d l , .  " 

Assume that  the block Bo is centered at wo °. Denote by B~ the block determined 

by the cycle h i ,  i -- 1, 2. Denote by Jo the first symbol of B1, and by ko the last 

symbol of B2. Because the shift a is topologically mixing, we can find two blocks 

B3 and B4 such that  the blocks 0 • wnoB330 and koB4w°_no are admissible. Denote 

by B5 the block determined by the cylinder Co. If h i ,n2  are positive integers, 

define the blocks (nlB1) and (n2B2) to be 

(nlBl) := B10B~ B10B 5 B 1 0 B  5 . . -  OB 5 B1, 

(n2B2) := B2 OB~ B2 oB5 Be OB 5 . . .  OB 5 B2. 
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The block B1 appears nl times, and the block B~ appears n2 times. Define now 

the block 

B(nl, n2):= B;B3(nlB1) OB~ (n2B2)B4B;'. 

Then the height of ~ over B(nl ,  n2) is given by 

hl~(B(nl,n.2)) := nlhl  + n2h2 + u, 

where u is a constant independent of nl ,  n2. 

Using Lemma 2.6, it follows that  there are arbitrarily large positive integers 

nx and n2 such that  

Ihz(B(nl,  n2)) - tol < e. 

For nl ,  n2 large enough, define co to be any element in E containing the centered 

block 

BoB3(nlB1) OB 5 (n2B2)B4Bo, 

and define t = to. I I  

LEMMA 2.8: Let a: E -~ E be a topologically mixing shift of finite type, and 7 9 a 

Markov partition of a. Let ~: E --+ ~ be a locally constant cocycle. Assume that 

there are two chains Q1, Q2 in E that  have a common vertex w °. Assume also 

that the pair of heights (h((~l), h(Q)2)) is independent. Then the skew-product 

aZ satisfies condition (1) in Theorem 2.2. 

Proo~ It  follows from the fact that  a is topologically mixing that  the set E is 

accessible with respect to the pair of partitions (W s, WU). From this it follows 

that  in order to prove the lemma it is enough to show that  a fiber is e-accessible. 

We will show that  the fiber over the common vertex coo is c-accessible for any 

fixed e > 0. Fix two points in the fiber, say (co°,tl),(co°,t2). It follows from 

Lemma 2.6 that  there are integers nl ,  n~ such that  

(2.2) Jnlh( ,) + n2h( 2) - (t2 - t l ) J  < c. 

Consider now in the base the chain P = (nl times Q1)(n2 times Q2). Then the 

height of the lifted chain P(co°,tl) is nlh(~)l) + n2h((~2). So it follows from 

Lemma 2.5 that  by choosing nl ,  n2 appropriately, P becomes a chain that  makes 

the pair (co °, h ) ,  (coo, t2) e-accessible. II 
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Remark: We show now an example of a skew-product that has a positive semi- 

orbit that  reaches any upper height, and any lower height. Our example is not 

topologically transitive. According to Theorem 1.1 one can find arbitrarily C °- 

close to it topologically transitive skew-products. We will show the perturbation 

below. Indeed, consider (EA, erA) to be the shift of finite type defined by the 

( i  11) The 0-th Markov partition has two cylinders, C0 and C1. matrix 1 " 

Define the cocycle ¢~: E -4 1R to be/~(co) = 1 if co E Co, and/~(w) = - 1  ifw E C1. 

Consider two real numbers a, b such that a/b is irrational and ab < 0. Define a 

new cocycle 8': E -+ II~ to be ~'(co) = a if co E Co, and ¢~'(co) = b if co E C1. 

Lemmas 2.7 and 2.8 can be used to show that the skew-product aZ, satisfies the 

conditions of Theorem 2.2, and thus is topologically transitive. Since a can be 

choosen arbitrarily close to 1, and b can be choosen arbitrarily close to - 1 ,  it 

follows that/~'  can be arbitrarily C°-close to 8. 

Proof of Theorem 1.1: Let e > 0. Choose an N-th  Markov partition P such 

that  the variation of fl over any cylinder in P is smaller than e/4. We will assume 

also that N is bigger than 10 max{/(B1), I(B2), I(Ba)}, where Bi are blocks that 

are defined below. 

Let x0 = (coo, to) be the point in E x 1~ with the positive semi-orbit that reaches 

any upper height, as well as any lower height. For any cylinder Ci E P,  choose 

a point coi E Ci and define t3'(co) = ¢~(coi), if w E Ci. Denote by G the subgraph 

determined in G(P) by coo. We can assume, without loss of generality, that any 

vertex in G is visited infinitely many times by the orbit O(coo). We claim that  by 

making a perturbation of ~' within distance e/4, we can ensure that there exists 

a vertex Co in ~, and two cycles K1 and / (2  in G, that have Co common vertex, 

such that hz, (K1) is strictly positive, and hz, (/(2) is strictly negative. 

Assume that for any vertex Ci in G, the heights of ~' over all the cycles starting 

at Ci are either all non-positive, or all non-negative. Because the graph ~ is 

connected, for any pair of vertices in G there is a cycle containing both vertices. 

We can assume, without loss of generality, that for any vertex Ci in ~, the height 

of ¢~' over all the cycles starting at Ci are non-negative. Consider now the heights 

of fl over all the minimal cycles in G. Observe that,  because the positive semi- 

orbit {a~(xo)ln ~ 5t} reaches any lower level, there exists a minimal cycle K 

such that hz(K) is strictly negative. We can change the values of/~' within e/4, 

over the cylinders that are vertices of K,  such that the height hz, (K) is strictly 

negative. After this perturbation, we look again at the heights of ~' over all the 

cycles in G. If all the heights are non-positive, we define, at C°-distance e/2 

from fl, a continuous family of cocycles fl~, 0 < t < 1, such that ~ has all the 
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heights non-positive, and/3~ has all the heights non-negative. It follows that,  for 

a certain value of the parameter t, either there are two cycles K1,K2 starting 

at the same vertex Co, such that hz,(K1) > O, h~,(K2) < 0, or all the heights 

are zero. Assume that all the heights are zero. Note that G itself cannot be a 

minimal cycle, because otherwise w0 is periodic, and the positive-semiorbit of x0 

under/3 is either bounded from below or bounded from above, in contradiction 

with our assumption about x0. It follows that G has at least two minimal cycles, 

K1 and /(2, starting at the same vertex, and at least two vertices C1,C2, such 

that C.i is a vertex of Ks, and C1 is not a vertex of K2. Because all the heights 

are zero, we can change the value of/3 '  within e/8 over the cylinder C1 such 

that the height over K1 becomes stricly positive, and then change the value of 

/3' within e/16 over the cylinder C2, keeping the height over K1 strictly positive, 

and making the height over/<2 stricly negative. Note also that we can assume 

that after the perturbation, the ratio h~, (K1)/hZ, (K2) is irrational. 

Therefore Lemma 2.8 can be applied to show that /3 '  satisfies condition (1) in 

Theorem 2.2. For future reference, denote the height of/3' over K1 by hi, and 

the height of/3' over / (2  by h2. 

In what follows we show that one can make a new arbitrarily small perturbation 

of/3 ~, keeping the conditions in Lemma 2.8 satisfied, such that the assumptions 

of Lemma 2.7 are also satisfied. This is achieved in two steps. We first make the 

heights h(Q)l) and h((~2) different from zero. Then, by an additional arbitrary 

small perturbation, we make the ratio h(~)l)/h(~)2) irrational. 

Consider the 0-th-Markov partition of a, and the corresponding oriented graph. 

The vertices of the graph are symbols. Because a is topologically mixing, we can 

find two distinct minimal cycles L1 and L2, starting at the same vertex, say s. 

There exist blocks bl, b2, at least one of which is nontrivial, such that L1 = sbls 

and L2 = sb~s. Note that  the symbols that appear in bl, b2 are all distinct, and 
different from s. 

Consider the the blocks 

B1 = sbls, Be = sb2s, B3 = sblsb2s. 

Consider the following elements in E, all centered at s = s: 

Wo . . . .  B1 os Bt os B1 o~ BI % B~ os B1 . . . ,  

(2.3) wl . . . .  B1 os B1 os B1 os__ B2 os BI  Os BI  . . . ,  

w2 . . . .  B1 os B1 os B1%_ B3 os B10s B1 . . . ,  

and the chains Q1 = {wo,wl,w0} and Q2 = {w0,w2,w0}. 
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Because/~ is locally constant, and because the vertices of the chains Qt and Q2 

are of a special form, there exists an integer N such that formula (2.2) becomes 

h(O,1) = (~3'(N,w °) - 13'(N, czl)) + (flt(N, cr-Nwl) -- ~ '(N, 'y-NwO)),  (2.4) 

and 

(2.5) h(($)2) = (fl(N, w °) - fl(N, w2)) + (fl(N, a -Nw 2) -- ~(N, a -Nw 1)). 

Each term in formulas (2.4) and (2.5) can be computed using formula (2.1). 

For j = 1, 2, one has 

h(O,j) = Z c(c.,, O,J(c i ) ,  
i 

where Ci's are centered blocks defining the symmetric cylinders in the N-th  

Markov partition considered above, c(Ci, (~j)'S are integers, and ~'(Ci) is the 

value of 8' over CA. Among the Ci's we distinguish two blocks: 

Ct = sb2sb2sbls..., C2 = sblsb2sbls . . . .  

Note that the coefficients c(C1,0,1) and c(C2, Q2) are different from zero, while 

the coefficients c(C1, Q,2) and c(C2, Q1) are zero. 

Let a l  = ~(C1) and a2 = ¢~(C2). It is clear that by making arbitrarily small 

changes of the values c~1 and c~z, respectively, we can make the heights h(Q1) 

and h(~)2) different from zero. If both heights have the same sign, consider the 

quadrangle -~)~ instead of Q2. Note that this can be achieved by keeping the 

ratio ht/h2 irrational. 

In the last part of the proof, we make h(Q,1)/h(Q2) irrational. We distinguish 

two  cases .  

CASE 1: A change in a l  and a.~ keeps hi and h2 fixed. 

In this case, in order to make h(O.i)/h(~)u) irrational, it is enough to make 

an arbitrarily small change of a l .  After the perturbation the ratio hi~h2 is 

unchanged, so it is also irrational. 

CASE 2: A change in c~1 and a2 does not keep hi and h2 fixed. 

In this case, an arbitrarily small change of o~ 1 or of 2 makes the ratios 

h(~)l)/h(O,2) and hl/h2 irrational. Indeed, without loss of generality we can 

assume that 

h(01) = ki + licit, h(~)2) = k2, 

hi = 51+ mV~a, h2 = 52 + m2al, 

hi h(Q,1) hi <0, g <0, 



Vol. 126, 2001 TOPOLOGICALLY TRANSITIVE CYLINDRICAL CASCADES 155 

where kl, k2, (~1, (~2 are non-zero real numbers determined by the values of/~ over 

cylinders different from C1, 11 and rnl are non-zero integers, and m2 is an integer. 

Observe that  for any e > 0 the set 

S =  {a l  C (-~,e)l  kl + l la l  EQ,  or 51+ m l a l  C (~} 
k2 ~2 + mla2 

is countable with a possible exception if 51/52 = m l / m 2 .  But this is impossible, 

since for the initial perturbation made above one can assume that  hi~h2 ~ Q. 

So the set ( - c ,  e) - S contains elements a l  arbitrarily close to 0. One can now 

change/T over C1 and obtain the desired transformation. | 
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